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Using linear difference operators, closed form rational approximations are
derived for hypergeometric functions of the form ,F,(z), p < g + 1, complete with
erTor terms.

1. INTRODUCTION

We will use the following notation for gamma functions, hypergeometric
functions and Meijer G-functions, respectively. If a,,b,,c, are arbitrary
complex parameters, s,/ are complex variables and p, q, m, n are integers
such that 0 <m < g, 0 < n p, we set

P
Fs+ecp+ty= [] I's+ec+1), I(s+co+t)=Tys+co+ 1),
k=n+1
I'(s+1) a
8y =—77, s+cy)= S+ ¢i)ys
( )l I—-(S) ( Q)r ,(I:Il ( k)t
. q ) q
Ns+cd+0= ] I's+c, +0), (s+c3) =[] +ecds
k—1 k=1
k#j k#j
ap _ ay s @, _ \di (ap)e 2
< (ba Z)‘”F‘*(b.,...,bq Z) & (o) K
a [2 PRTIIYR /4
Gm,n P :Gm‘" 19000 p)
p.q (Z bQ) p.q (Z bl,---, bq 3
v o by —)I(1 —ay+1)z’
= s 1.1
27ri}L r,(1 —by+1t)I(a,—1) dt (1.1
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RATIONAL APPROXIMATIONS 13

where L is an upward oriented contour which separates the poles of
I'(b,,—t) from those of I'(1 —a, +¢), and which runs from —ioo to +ico
(L =L,) or begins and ends at +o (L=L,)or —co (L=L_).

The basic functional relationships for the G-function are then

1—-b6
Gl'z"’qn (W ap) — Gz,;n (W‘Ml 7] ) ,
' b, ' l—a, (1.2)
wch.n w ap — Gm.n (W c+ aP .
p.q bQ p.q c+ bQ *

If the poles of the integrand in (1.1), interior to L, are simple, then the G-
function is a finite sum of hypergeometric functions, e.g.,

ap)_ %nw rbg* —b)I (1 —ay+by) by

Gm,n —
ra (W b, =1 F(l"bo+bk)r(ap_bk)

l,l—ap+bk
><,,+1Fq< 1—by +b,

p<g, orp=gqand|w|<l

(—1)”"""‘w), (1.3)

For a more detailed discussion of hypergeometric functions and Meijer G-
functions, see [1, 2].

In [5], a linear scheme for rational approximation was introduced and, as
an application, closed form rational approximations were developed for the
Meijer G-functions,

F(O):%GL:ZA-I(U_‘ \ 011_:120>, p>g+ 4
1 I(=s)ap); _s
=5 L . -————(ﬁo)s v ds,
ap | =1 5 _
~ F, (ﬂQ . ), v- oo, |argv|<m(p+1—q)/2,

under mild restrictions on the parameters a,, f,. In particular, with
~n,n+ 4, —a+p,
—-a+1+a;,
n n~k
: (M fn+ Ay (—a + By (ar);
K,@n= 3 n" > P - "*.’,( £
k=a i=0 (—a+ +ap)k+j(ﬁg)j( + N7
a (=0), A integers, a + 1 < p, (1.5)

H, ) = ,.5F, < —v) . K@) =K,@00). (14)

/vy,




14 JERRY L. FIELDS

it was shown in [5] that

(1) F()=lim,_ K,(v)/H,(v), v (0) fixed, larg v| < =,

(2) as for the Padé approximants to F(v), K,(v) and H,(v) satisfy the
same homogeneous difference equation with respect to n, and

(3) the error, F(v) — K, (v)/H,(v), can be represented by an easily
analyzed, closed form expression.

These results were derived by series manipulation of entire functions.
In this paper, we derive similar results when

I'(B,) 1p 1 l—a, .
o= T(af) Grlas (v 0,14, ) - PSg+t L (1.6)
=2L7”'~‘.L+i—(—;2()(:—lj)sv_sds’ (lv]>1ifp=g+ 1)

ap | =1
=5 (5 |5) -

The results for p < g+ 1 will follow from those for p=g + 1, while the
results for p=¢g + 1 will be derived by manipulation of series with finite
radii of convergence, and analytic continuation, Partial results for p g + 1
are contained in [2-4|. As the case p=g + 1 is of central importance, we
will subsequently refer to it as the central case, and will discuss, F(v) for this
central case in more detail.

It follows from the general theory of hypergeometric functions and Meijer
G-functions that in the central case F(v) satisfies a linear differential
equation -7y = 0 of order p = g + 1, whose only singularities are the regular
singular points at v =0, —1 and oo. Thus, in a neighborhood of each of
these singular points, F(v) has a local representation as a linear combination
of an appropriate basis of #y =0. We take F(v) to be initially defined in
|v] > 1 by the ,,,F,(—1/v) in (1.7). The Meijer G-function in (1.6) then
serves to analytically continue F(v) into |v| < I. A local representation about
v =0 can be deduced from (1.2) and (1.3). Finally, it follows from the
general theory of hypergeometric functions, Nérlund [7], that F(v) has a
local representation at v = e " of the form

M) B [, 1" )
Foy=—21) 1 L R )+ R@), (1407 <L,
©) =TS 1 | R@ s R, (e
i -1 4 —in
arg(ei*v,) = arg(l + v5") = 0, vO=<?)e . R(-)=1, (18)
q g+1
o= }::ﬁj— D' @+ an integer,

j=1 J=1
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where R,(v) and R,(v) are analytic functions of v in |1 +v~"| < 1. Similar
expansions involving log(1 + v~") exist when ¢ is an integer.

PROPOSITION.  [n the central case, p=q + 1, let F(v) be defined initially
Jor (vl > 1 by (1.7), and analytically continued into |v| < 1 by (1.6). Also, let
F(ve'™) be F(v) analytically continued along a path which encloses v =0,
but not v= —1. Then

F(e'™)= F(e™'"), Reo > 0, (1.9)
where o is defined in (1.8).

Progf. Consider the homotopic paths I” and I'" in Fig. 1 connecting v
and ve'”. Let v=(1+¢)e ", 0<e<}, so that the points C and D
coincide. As the initial branch of F(v) is single valued in jv| > 1, F(v) takes
on the same value at the points 4 and B. Representing F(v) for v near e~'*
by (1.8), we have for ¢ # an integer,

I'(—o) I'(B,) ( €
HNag ) l+e

I(—0) I'(B,) < ge~ "
Hog ) l+e¢

Letting ¢ —» 0 in these equations, we arrive at F(e'”)=F(e™'"). A similar
proof holds when ¢ is a positive integer. I

F((1+e)e ")= )UR,(—I +ee™) + R,(—1 + ge'™),

F((1 +¢)e")= )URl(—l +ee™) + Ry(—1 + ee™).

The following asymptotic estimates were established in [6].

THEOREM 1. Let g+ 1, a+ 1 be positive integers, n, 4, a, (r=1....,
g+2; a,,,=a), f, (k=1,..,q) be complex numbers such that n is large,

FiG. 1. v-plane, v at A, ve'*™ at D.

640/35/1-2
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[n| - +oo, argn=?(n"") as n— o, and A, a,, B, be bounded with respect
to n. Then

I'n+1)
=mGZi§Izlz+z (W
= Va[nw|T(1 + w) M2 e AL ] 4 (), nw— oo,

(1.10)
|arg w| < 3m — ¢, jarg(l + w)| < 21—, [w(l+w)|>e

G.(w) 1—n—1,a+1—/3@,n+1)’

a—0Qy,»

1 11‘I qg+1
cosh 2 =1+ 2w, Zr=a+—-+ NE-YN (+a),
k=1

r=1

where ¢ is a small positive number independent of n, and argE=0 for
argw =arg(l + w)=0. Aiso, if G,(ve’®™) is G,(v) analytically continued
along a curve which encloses v =0, but not v =—1, then with v =e ",

e—iZnth(ein) + eiZntG"(e-in)

o 2n(=1)"
(/24 20+ 4)

n— oo, n = positive integer.

i 4T+ A
(n+7) H+omD), (L1

Moreover, if

—1 + B, — a, + a negative integer, k=1ly.,q, r=l,..,q+2;

. T (1.12)
By — B; + an integer, k+j, kj=1,..,q;
then
I'n+1)
L =
n,k(w) r(n +l)

% GI+32 (W l—n—Ad,a+1-F,a+1-fF,,n+1
9+3.9+3 a—ag,q,a+1-p, ’
Zr(—‘agn + Bi)
I'(1—Bo +B4)

n’w = oo, |arg w| < 27 — ¢, k=1,..,q.

[n*w]* =1 +2((n*w) ™)}, (1.13)

Remark 1. The asymptotic expansion of a suitably weighted linear
combination of the L, (w), say, L(w), can be deduced from (1.13) even
when the parameter restrictions (1.12) are violated, provided suitable limits
are taken. At worst, these limits introduce positive integer powers of
log |n’w| into (1.13), and hence into the asymptotic expansion of L(w).
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2. CENTRAL CASE, p=g¢g+ 1

THEOREM 2. Let g+ 1, n+ 1, a+ 1, A+ 1 be positive integers, a
(r=1l,..q+2;a,,,=a),B (k=1,..,q) be complex numbers such that

r

a+ A= an integer <q+ 1;
—1+8,,—1 —a+ B, +# a negative integer, k=1..,4q (2.1)

-1+ a, —a + a, # a negative integer, k=1,..,9+1;

_v),
K @)= N (ot N et B0+ Bole(@o.1)s

k—a =0 (—a+1+ap, ). /(Be) /!

Then for v fixed,

and set

—n,n+Ai—a+p
Hn(v):q+2Fq+l < @

—a+1l+a,,,

. K,(v) Qg4 —1
el AN A S 1;
JLTO H((v) "9 ( Bo v )’ o>
IBg)  iai | 1=agq, ;
= e——= * & .
INag.y) Gotia <U O’I—ﬁa), ve< (2.2)

Z = {v: |arg v| <, arg(1 +v)| < 7, v & |1, 0]}.

Moreover, the convergence is uniform on closed subsets of &. Finally, iff

q g+1
N\ _ \7 4.
— ﬂj o

j=1 i=1

A—1—2g+2Re > —2Ref,, k=1,.4q (2.3)

then (2.2) is also valid for v =e*'™.

Proof. As the initial branch of F(v) and the polynomials H,(v), K,(v)
are single-valued in |v| > 1, it is sufficient to establish the theorem in the
restricted region.

@t ={v:—nLargv<m—rnarg(l +o)y<n o€ [—1,0]}, (2.4)

and indicate the minor changes in the analysis for the region & -~ = 2 7, the
complex conjugate of & *. Also, in addition to the parameter restrictions
(2.1) of the theorem, we will tentatively assume

By — B; # an integer, k+j, kj=1,.q; 25)
5
a, — a; ¥ an integer, r#j, rj=1.,9+1
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Under these conditions, Theorems 3 and 4 analyze the asymptotic behaviour
of H,(v) and K, (v), respectively, in Z * as n- oo. Theorem 2 then follows
directly. |

THEOREM 3. Under the conditions of Theorem?2 and (2.5), there exist
numbers A,, A, and B, k = 1,..., q, such that

IN—a+1+a,,,) ITs—a+p)I(1—s+a—p,)
I(—a + B,) INs—a+1l+ap, )I(—s+a—ay,,)

o

~

=N BIs—a+B)I(1—s+a—f)+A,e™+A4,e '™, (2.6)
1

Z

il}

and

—n,n+4,—a+p,

Hn(v):q+2Fq+l ( _a+1+a
Q+1

vein)

BkLn,k(Uein) + A 1 Gn(veizn) + A 2 Gn(u)’

1

(2.7)

tl

Il
kol
i la

where G,(ve®™) is G,(v) analytically continued along a curve which encloses
v=0, but not v=—1 so that arg(1 + ve") = arg(1 + v). In particular,

_ M(=a+ 1+ag, )T+ | = By) I(—f, + B3

B, = , k=1..q,
. F(“a+ﬂq)r(ﬂk"ao+|)r("ﬁk+l+aQ+l)
. . IN~-a+1+a,,.,)
ezZrnA =e~12n1A =A, = g+1 ,
' pmoe 2al(—a + B,)
1 q, KA 1
2r=a—7—q+ NB—- N a,=a-—-q+0.
k=1 r=1
Forve 2t as defined in (2.4),
H,(0) ~ 4,G,(ve™), no— oo,
- F(~a + 1+ aQ+1) [nzv]-z(l + v)—rAJL/2 e(2n+/1)£, nv — oo, (28)

2\/nI(—a +B,)
cosh2é=1+ 20, Re &> 0,
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where n, A satisfy the restrictions of Theorem 1. With the same notation,
H, (1) ~ A,[e™ G, (€") + €77 (e )], n- o,

(=D)'"T—a+1+ay,,) - B
~ Rzt Catfy BT oo (29)

n a positive integer; Re(4t + 1) > Re(2a — 24,), k=1,.,q.

Proof. The identity (2.6) is just a paraphrase of the partial fraction
decomposition, y = e/2*,

N—a+1+ap,,) [THi(y—e? )
I'(—a+ IBQ) [Ti-(y— elh(aiw)
! d.y

=N — ke teyte
= Tinta—Bg 1y 0-
i y—e k

For |v| < 1, H,(v) has the Mellin—Barnes integral representation

H ()= 1 I(=s)(—a+By)n + A),(ve™)

- ds.
i .‘h Catl+tay )nt), ©

Substituting identity (2.6) into this representation and identifying the
resulting integrals, we arrive at (2.7) for |v| < 1. By analytic continuation,
(2.7) then holds for all v. In particular, setting v =e ‘" in (2.7) gives the
representation for H, (—1),

q
H,(-1)= N B,L, (1)+A4,[e” "G, (e™) +e?G,(e ™)]. (2.10)

=1

=

Replacing the various functions in (2.7) and (2.10) by their asymptotic
expansions as given in Theorem 1, and picking out the dominant terms of the
resulting expressions, we arrive at (2.8) and (2.9). Note that the algebraic
condition in (2.9) for 47 + A is the same as the algebraic condition (2.3).
Also, note that £ as defined in (1.10) is a function of w, i.e., £ = &(w), and
that for |w| < 1,

E(we'™) = —&(we %),

By analytic continuation, this relation continues to hold for all w, and with
w=ve'",

Re{&(ve™™)} < 0 < Re{é(v)}, vezt. |
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Remark 2. Equations (2.7) and (2.8) remain true even when n is not a
positive integer, although in that case H, (v) is not a polynomial, and (2.7)
then serves to analytically continue H,(v) into |v| > 1.

THEOREM 4. Under the conditions of Theorem 2 and (2.5), and with the
notation of Theorems 2 and 3,

< B E,(v) ; ;
K,@)= Y —2 K | (ve")+4, FQ)G,(ve?"
( ) I:l F(ﬂk)F(l —ﬂk) n,k( ) 1 ( ) n( )
+ A, F(ve®™) G, (v), (2.11)
I'(By) e | LB B
E (v) — Q Gq+2,2 (ve”’ Q) ,
. F(aQ+l) arae ﬂk’aQ+l
where G, (ve®™), F(ve”") are G ,(v), F(v), respectively, analytically continued
along a curve which encloses v =0, but not v=—1. Forv& < *
K, (v)~A4,F(v) G, (ve™), RO = 0. (2.12)

With the same notation as in Theorem |,
K, (=)~ F(=1)A4,[e?"* G (e") + ™G, (e~"™)], n— oo,
Re(4r + 4) > Re(2a — 28,), k=1..,q.
Proof. 1t is sufficient to establish (2.11) for |v| < 1, as all the functions
involved can be analytically continued into the region |v| > 1. In particular,
(2.11) is valid for v = e =", The asymptotic estimates then follow directly

from Theorem 1.
Let I,(y/v) be defined by (1.5) and
K, y)= Y YLO/v).

k=a
Then for |y| < |v),
I+ )(6g)—
I'(n+ l)(aQ+1)—a+l

P y 1—aQ+1,a+l—ﬁQ—k,l—n—l——k,n+1——k>’
29+3,29+3 0,1 _'BQ,a_aQ+2_k

1 (y/v)

where L, the contour of integration in the integral definition of the
G252, +3(y/v) function, is of the form L .. When y = v, this contour L can
be deformed successively into contours of the form L, and L _. Evaluating
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the final integral by the residue calculus, we obtain a result formally
indicated by setting w=1 in (1.2) and (1.3), i.e.,

I(n+ A)Bo)-a

K, (v,v) 2.13
I'n+ 1)(aQ+I)—a+l ol ( )
= \"‘ pRGRIt2 (1 LBg,—a+1l+ay,,+k ) .
k:-a ardaat aQ+1’_a+,BQ+k7n+A+ky_n+k

For [v| < 1, let F,(v) and G, ,(v) be defined by

g+1 q+12

Fv)= Y v™F,v), G,()= Y v *G, (v) (2.14)

r=1

Explicit expressions for the F (v) and G, ,(v) can be deduced using (1.3). In
particular, a,,, = a, and

r(a + 1 —ﬂQ) Gn,q+2(v) :r(a - aQ+l) H”(U),

where H,(v) is defined in Theorem 3. Comparing the coefficients of v* in
(2.13) with those in v?F,(v) G, (v), we see that when a+ 4 is an integer
<g+ L

K, ()= K,({v,v), (2.15)

_ F(_—a + 1 + aQ+l) q{‘l r(ﬂQ - ar) r(l __BQ + ar) DaFr(v) Gn,r(v)
I'(—a+ By) = (a3, +a) (1 +af’,—a,) .

For more details, see [5, Theorem 4].
Next, consider the identity

F(—a+1+aQ+l)e

=04 gq—I(1—t—a+s
e ( ) I )

I+ Bo) I(1 — t— B)
T+ 1 +ag, ) I(—1—ay, ) IO T(1—1)

_ I'(s—a+fy) (1 —s+a—pf,) |
Is—a)I(l—s+a)I(s—a+1+a,, ) (—s+a+ay, )|

_ in(s—1) I'(t+B,) I'(1—t=B,) I'(s—a+B,) I'(1—s+a—p,)
= > Be
=1 T(B)Ir(1—By)
+Alein2s _+_A2e—irr21, (216)
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where 4,,4,, B, are defined in Theorem 3. To prove this identity, replace s
by f+a in (2.6), and subtract this expression from (2.6). After some
manipulation, one arrives at (2.16). Note that s =+ a is only an apparent
singularity of (2.16). Let |y| < 1, and &, be an s contour of the form L,
which separates the poles of I'(—s +a—a,,,) from those of I'(s + n+ 1)
I'(s —a + B,). Then multiplying (2.16) by

_1_ I(—s+a—a,,)n+i),
2ni T(—s+a+1—By)n+1)_,

and integrating the resulting identity with respect to s over &, , we obtain the
identity

I(=a+ 1+ ag, ) I+ B) T(1 —t—f) e
I—a+B) It +1+ap, ) I(—t—ag, )I) (1 —1)

q+1

X, (e Mt +a) (1 —t+a,)G, ()

+ I~a+1+a,, )a—ay, )I(t+a)l(l—t—a)
r(—a+ﬁo)r(1 +a—ﬂQ)
I+ B) (1 —t—B,)
Iie+1 +aa+1)r(_t_aa+1)r(t)r(1-t)

_ I'—a+py)I(1 +a—B,)
I(l—a+ay,)l@a—aq, ) I(—a)I(l +a)

e "™H,(y)

X

g i T+ B)T(1—1=By) ;
— ‘ B e int k L” em)
= TGO T By Ll
+A,G (ye"™) + A,e” "G (). (2.17)

Note that t = —a is only an apparent singularity of (2.17). Let |v]| < 1, and
% be a t contour of the form L _, which separates the poles of I'(t + a,,,)
from those of I'(—t) I'(—t + 1 — B,). Then multiplying (2.17) by

1 TB) (=Tt +a,,,) !

i I(ag, ) I(t+B,)

and integrating the resulting identity with respect to ¢ over ¥, we obtain the
identity, a = an integer > 0,
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I(-a+1+ag,,) W IBo—a,) Il =g + ) ¥°G,(7) F,(v) (9> ’
I—a+By) = I(—a},+a)I(1+a},,—a,) y
L BEW) . . |
= \ ™k in i2nx i2n
& B T = fy a7+ AF©) Go(re™) + A F(ve™) G ()
(2.18)

Equation (2.11) then follows from (2.15) and (2.18) with y=v. |

Remark 3. If (i) is replaced by (—i) in (2.7), (2.8), (2.11) and (2.12),
one obtains results valid in £ ~. The tentative assumptions (2.5) can be
relaxed completely by taking limits in (2.7), (2.10) and (2.11), and noticing
that since this limit process introduces, at worst, positive integer powers of
log |n*v| into the L, (ve'™) terms, the terms in (2.8), (2.9) and (2.12) are
still dominant.

Remark 4. The parameter restrictions in Theorem 2 are not excessive, as
a ! (a zk
JF. (ﬁP Z) — \_‘ M s
0 iZo Bo) K

(ap), 2™ ( ,m+a,

+—___
B)mm! P \m+ 1,m+ B,

p<qg+1 (zI]<lifp=g+1).

2).

Thus, for m sufficiently large, the restrictions (2.3) are satisfied.
The rate of convergence in (2.2) can be characterized as follows.

THEOREM 5. Under the conditions of Theorem 2, and (2.5), and with the
notation of Theorems 1-4, we have
q

§,(0) = F(v) Hy() — K(v) = N B, [F(v) -

k=1

E(v)

AGETA J Loatve™)

T [AIF(v>+A2F(v>+(—1)“ N BkEk(v>J G,(v). (2.19)

k=1

which reduces for v=e"'" to

Ee™™)

Y (AT

}L,,'k(l), Reo > 0.
(2.20)
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For n large,

S, () ~ H,(v) 2\/7(1 + v)T+4/2 g~ n+dn

eI, + B5)
(B +1+ay,,)
n—w,0EXT, (2.21)

X N [T I(1 =B F(v) — Ey(v)]

[nzv Ia—r—[}k’

x>

Su(=1)~ Hy(~)(=1)"* I + 2t + 2)

-4, _+_'B&|<k) pla—4t—A-284
F(_ﬂk+1+a0+2) '

n- oo, Re(4r + A) > Re{2a — 28,), k=1..,q (2.22)

X 12;1 [T I(1 —B,) —Ek(e_in)]

For |v| > 1, |arg v| < 7,

S,00= 3 v F0) M0+ T R 6,0 )
=1 0+1

x~

where for |v] > 1,
Tn+ )In+Ai+a—ay, Jo "
ICn+A+D)I(n+i+a+1-4,)

n+ita—ay,,
M4+ Lnthvat1-p,

Gy(v)

><q+2Fq+l (

—1
v)’

Mn,k(v) — I, — ag+z)(” + A’)a—Bk

TB+1—Be)n+ 1)_gy, (2.24)

v s

. (ﬂ LB—ag,,
q+3t g+2 k+n+1_a’ﬁk+l—n—l_aaﬂk+l""ﬂo

(D) ag, )i TBe— BEY)
PO = e 56 o TBe—g.

X g4 oF (1’_ﬂk+1+“0+1 __1>
g+20 9+1 —;8;(+2,—ﬁ;(+1+,5@ ) .

Progf. If in the definition of S ,(v), one substitutes for H,(v) and K, (v)
the representations (2.7) and (2.11) developed in Theorems 3 and 4, one
obtains an expansion for S, (v) which agrees with (2.19) in the L, ,(ve’™) and
G,(ve'*™) terms, but whose G,(v) coefficient is A4,[F(v)— F(ve’*")|. If
Reo >0 and v =e¢""*, it was shown in (1.9) that F(e'")= F(e™ /"), so that
this G,(v) coefficient is zero, and the resulting expansion for S,(e ")
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reduces to (2.20). More generally, we proceed as follows. From (2.6), it
follows that

(=D)Tr(—a+1+a,,)I(s+B,) (1 —5—8,)
F(—a+BQ)F(s+ +ag, )I(=s—ay,,)

q
=(=1D)* N B I(s+B)I(1—s—B)+A4,e™ +A4,e ™. (225)

k=1
Multiplying this identity by

1 I(=$)T(s+apy1) , invs
2mi F(S+BQ)Q (ve™)

and integrating the resulting identity with respect to s over & , an s contour
of the form L _ which has no poles of I'(—s) I'(1 — s — ;) in its interior, we
obtain the relationship

q
0=4,F(v) +A4,F(ve”") + (~1)° : B E(v),

k=1

which can be solved for A,F(ve®™). Substituting this expression for
A,F(ve™™ ) into the above, derived expansion for §,(v), one obtains (2.19).
The asymptotic relations (2.21) and (2.22) follow directly from Theorems 1
and 3.

For [v] > 1, it follows from (1.3) that G,(v) has the representation quoted
in the theorem, that

L, ve™)= (=0T ) I'(1—B,) G, ) + (ve™) =M, ,(v),
and that
_ E(v)
r@)ra—g,)
— (_1)q+a r(“a +ﬂQ) r(ﬂk_ aQ+l)r(1 _ﬁk + aQ+l)(vei”)‘l+BA
IF—a+1+ag ) TG, —BF)T(1— B+ Bo)

Substituting these expressions into (2.19), we obtain, after some cancellation
the result

F(v)

F¥(v).

Sn(v)= va_lF;(k(v) Mn,k(v)

1

s

+ 4+ A, 1 Y BB I - 8] Fo) G0,

k=1
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The constant coefficient of F(v) G,(v) in this expansion can be deduced in
closed form from (2.25) with s = —a. This leads to (2.23). 1

Remark 5. An alternate interpretation of Theorems 3, 4 and S is the
following. Let .#,(y) be the linear difference operator of order g + 2,

q+1

AN =70 —q—1,0) || Z0—q-1+]a)

j=1

q
—ymn+A—q—=2)& " [| Z,(A—q+j.B),
j=1

J

where []j_, P;=P,P,--- P,, &/ is the shift operator on n, ie., & 7y, =
Yn-j» and

(n+,1—1)(n+y)g,0_n(n+/1—1—y)

Z, (A ) =
whs 1) 2n+ -1 2n+1-—1

&

From the simple computation

20y 1D 2_ (n+4—1),

Wi D, CTH

it follows that

(n+'1)s _(n+/1_q_2)s
o (n+1)—si— (n+1)_, (s—a+ag.,)
(n+i-g—2),,,
V., etk (226)

The standard Mellin—Barnes integral representations for the functions
L, (ve™) (k=1,.,9), G,(v) and G, (ve”) with s as the integration
variable, contain the function (n + A)/(n + 1)_, as a kernel. Using (2.26), it
can be shown that .#,(v) annihilates these integrals.

Thus, the functions

b= {Ln,k(vei") (k = 1,..., q), Gn(v), Gn(veiZn)},
where G,(ve’’™) is G,(v) analytically continued along a contour which

encloses v = 0 but not v = —1, satisfy the linear difference equation of order
q+2,

A (V) y,(v)} =0. (2.27)
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In fact, Theorem 1 shows that as functions of n, .# is a linearly independent

set, and hence that .# is a global basis of (2.27). In particular, Theorems 3

and 4 then imply that the polynomials H,(v) and K ,(v) also satisfy (2.27).
It can also be shown, that for |v| < 1 the functions

‘30 = {Gn,r(v) (r =Ly, q+ 2) as defined in (2.14)}

form a local basis of (2.27), while for |v| > | the functions

Bo =1{G,(v), G, (ve?™), M, (v) (k=1,..., q) as defined in (2.24)}

[o0]

form a local basis of (2.27). Theorem 5 is then seen to be just representing
the solution S,(v) of (2.27) in terms of the bases % and .Z_ .

Remark 6. Some insight into the best choice of A can be deduced from
(2.22), which can be rewritten in the form

o e

where the constant « is independent of A and the parameter a. Hence, the
bound for S,(—1)/H,{—1) is smallest when A is largest. In view of the con-
ditions

a+/l<q+1’ O<aa

this means that one should take a =0, 1 =g + 1—at least at v = —1, the
point of ““‘worst” convergence.

3. GENERAL CASE, pg+1
Our main result is the following.

THEOREM 6. Letp+ 1,q+ 1, n+1,a+ 1, A + 1 be positive integers, a,
(r=1..,p+1; a,, ,=a), B, (k=1..,q) be complex numbers such that

a+A=an integer <q +1;
—1+B,, a— By, —1 — a + B, # a negative integer, k = 1...., q;
Bi—B;+ an integer, k #j, k,j=1,.,q;

—1 + a,, —a + a, # a negative integer, k = 1,..., p,
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and set

—n,n+i,—a+p,

H ()= a1oFy < ~a+1+a
P

_v),
n—k

Psq _ 5 PN 4 (“n)k+j(n+l) +j(_a+ﬂ )k+j(ap)j
Kae)= k\/t'a (=2) jgo (—a+1+ a:)k+j(k +J)$(ﬂQ)jj' '

Then for p<q+1(lv|>1ifp=q+1)

SEe0) = o (57 | 5 ) Hrew) - K
B2

ITn+ 1D)I(n+A+a—ap)[(—1)7 " v "+ H
Fn+A+a+1—B)I2n+1+1)

PRt 2n+ A+ Lnt+ita+1-B,
+ 3 ()i, Iat By (=)™
o Bo)oa T2—BY) BE —B)

Siad

v

- ( LB+ 1+a ‘_l)m
PN B + 2, B + T+B | v/ (n41)_gug,
y 7 (ﬂ l,ﬁk“a9ﬁk—ap
p+2 g+2 k+n+1_a’ﬂk+l—n—l—aaﬁk+I—IBQ

Vi

Proof. If p=qg+1, (3.1} reduces to (2.23) in Theorem 5. The other
cases are confluent limiting forms of this p=g + 1 case. To see this, let

6=a,,,. Then

lim HI*9gy)= H%%v),  lim K2*"%ov)=K%(v),
g0 a0

lim $2*"%(ov) = §7v),
ag—+00

which is the p=g case. After ¢g—p + 1 such limits, one arrives at the

general statement of the theorem. 1
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Remark 7. Preliminary computations indicate that for v (£ 0) fixed,

(n + 'l)n(_a +ﬂQ)n n,b/2v

prq ~ , : ‘2
n (U) (_a+1+ap),, v'e n— oo (3 )
n+in+i+a—a, (—=1)7-" o
— )~ ; (3.3
priva <2n+l+1,n+i+a+1_pQ " ) e, n—-ow; (3.3)
__(n_%ﬂ_ ( LA —apB—a (_1)q~p>
(n+ l)—aH}k p+2g42 [J’k+n+l—a,ﬁk+1_n_1_a,/;k+1_ﬂo v —
~n* % n— oo; (3.4)
p<g.  b=lifp=g,  b=0ifp<y,
which would imply
KR(v) 1
nango HP(v) qu(ﬂ v >’ p<g+ L (3.5)

Rigorous derivation of (3.2)-(3.4) would then establish (3.5).
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